Introduction
This article presents a new proof of the main theorem of [Ru] and of a generalisation thereof (see Theorem 2 below), relating values of the Katz two-variable p-adic L-function to formal group logarithms of rational points on CM elliptic curves. The main theorem in [Ru] (Cf. Corollary 10.3 of loc. cit.) concerns an elliptic curve A over Q with complex multiplication by the ring of integers of a quadratic imaginary field K. A classical result of Deuring identifies the Hasse-Weil L-series L(A, s) of A with the L-series L(ν A , s) attached to a Hecke character ν A of K of infinity type (1, 0). When p is a prime which splits in K and does not divide the conductor of A, the Hecke L-function L(ν A , s) has a p-adic analogue known as the Katz two-variable L-function attached to K. It is a p-adic analytic function, denoted ν → L p (ν), on the space of Hecke characters equipped with its natural p-adic analytic structure. Section 2.1 recalls the definition of this L-function: the values L p (ν) at Hecke characters of infinity type (1 + j 1 , −j 2 ) with j 1 , j 2 ≥ 0 are defined by interpolation of the classical L-values L(ν −1 , 0). Letting ν * := ν • c, where c denotes complex conjugation on the ideals of K, it is readily seen by comparing Euler factors that L(ν, s) = L(ν * , s). A similar equality need not hold in the p-adic setting, because the involution ν → ν * corresponds to the map (j 1 , j 2 ) → (j 2 , j 1 ) on weight space and therefore does not preserve the lower right quadrant of weights of Hecke characters that lie in the range of classical interpolation. Since ν A lies in the domain of classical interpolation, the p-adic L-value L p (ν A ) is a simple multiple of L(ν −1 A , 0) = L(A, 1). Suppose that it vanishes. (This implies, by the Birch and Swinnerton-Dyer conjecture, that A(Q) is infinite.) The value L p (ν * A ) is a second, a priori more mysterious p-adic avatar of the leading term of L(A, s) at s = 1. Rubin's theorem gives a formula for this quantity:
Theorem 1 (Rubin) . Let ν A be a Hecke character of type (1, 0) attached to an elliptic curve A/Q with complex multiplication. Then there exists a global point P ∈ A(Q) such that
where
• Ω p (A) is the p-adic period attached to A as in Section 1.3;
• ω A ∈ Ω 1 (A/Q) is a regular differential on A over Q, and log ωA : A(Q p )−→Q p denotes the p-adic formal group logarithm with respect to ω A . The point P is of infinite order if and only if L(A, s) has a simple zero at s = 1.
(For a more precise statement without the Q × ambiguity, see [Ru] .) Formula (1) is peculiar to the padic world and suggests that p-adic L-functions encode arithmetic information that is not readily apparent in their complex counterparts. Inspired by Rubin's work, Perrin-Riou has formulated a p-adic Beilinson conjecture in [PR2] of which Theorem 1 should be a special case.
The proof of Theorem 1 given in [Ru] breaks up naturally into two parts:
(1) Rubin exploits the Euler system of elliptic units to construct a global cohomology class κ A belonging to a pro-p Selmer group Sel p (A/Q) attached to A. The close connection between elliptic units and the Katz L-function is then parlayed into the explicit evaluation of two natural p-adic invariants attached to κ A : the p-adic formal group logarithm log A,p (κ A ) and the cyclotomic p-adic height κ A , κ A :
where
• α p and β p denote the roots of the Hasse polynomial x 2 − a p (A)x + p, ordered in such a way that ord p (α p ) = 0 and ord p (β p ) = 1;
• the quantity L p (ν A ) denotes the derivative of L p at ν A in the direction of the cyclotomic character. If L p (ν A ) is non-zero, then an argument based on Perrin-Riou's p-adic analogue of the Gross-Zagier formula and the work of Kolyvagin implies that Sel p (A/Q) ⊗ Q is a one-dimensional Q p -vector space with κ A as a generator. (Cf. Thm. 8.1 and Cor. 8.3 of [Ru] .) Equations (2) and (3) then make it possible to evaluate the ratio (4) log
, a quantity which does not depend on the choice of generator κ of the Q p -vector space Sel p (A/Q)⊗Q. (2) Independently of the construction of κ A , the theory of Heegner points can be used to construct a canonical point P ∈ A(Q), which is of infinite order when L p (ν A ) = 0. Its image κ P ∈ Sel p (A/Q) under the connecting homomorphism of Kummer theory supplies us with a second generator for Sel p (A/Q) ⊗ Q. Furthermore, the p-adic analogue of the Gross-Zagier formula proved by PerrinRiou in [PR1] shows that
Rubin obtains Theorem 1 by setting κ = κ P in (4) and using (5) to eliminate the quantities involving κ P , κ P and L p (ν A ).
The reader will note the key role that is played in Rubin's proof by both the Euler systems of elliptic units and of Heegner points. The new approach to Theorem 1 described in this paper relies solely on Heegner points, and requires neither elliptic units nor Perrin-Riou's p-adic height calculations. Instead, the key ingredient in this approach is the p-adic variant of the Gross-Zagier formula arising from the results of [BDP1] which is stated in Theorem 2.9. This formula expresses p-adic logarithms of Heegner points in terms of the special values of a p-adic Rankin L-function attached to a cusp form f and an imaginary quadratic field K, and may be of some independent interest insofar as it exhibits a strong analogy with Rubin's formula but applies to arbitrary-not necessarily CM-elliptic curves over Q. When f is the theta series attached to a Hecke character of K, Theorem 1 follows from the factorisation of the associated p-adic Rankin L-function into a product of two Katz L-functions, a factorisation which is a simple manifestation of the Artin formalism for these p-adic L-series.
It is expected that the statement of Theorem 1 should generalise to the setting where ν A is replaced by an algebraic Hecke character ν of infinity type (1, 0) of a quadratic imaginary field K (of arbitrary class number) satisfying
where ε K denotes the quadratic Dirichlet character associated to K/Q and N : A × Q −→R × is the adèlic norm character. Chapter 2 treats this more general setting, which (although probably amenable as well to the original methods of [Ru] ) is not yet covered in the literature. Assumption (6) implies that the classical functional equation relates L(ν, s) to L(ν, 2 − s). Assume further that the sign w ν in this functional equation satisfies (7) w ν = −1, so that L(ν, s) vanishes to odd order at s = 1. For less serious reasons, it will also be convenient to make two further technical assumptions. Firstly, we assume that
Secondly, we note that assumption (6) implies that √ −D necessarily divides the conductor of ν, and we further restrict the setting by imposing the assumption that
The conductor of ν is exactly divisible by √ −D.
The statement of Theorem 2 below requires some further notions which we now introduce. Let E ν be the subfield of C generated by the values of the Hecke character ν, and let T ν be its ring of integers. A general construction which is recalled in Sections 1.2 and 2.6 attaches to ν an abelian variety B ν over K of dimension [E ν : K], equipped with inclusions
Given λ ∈ T ν , denote by [λ] the corresponding endomorphism of B ν , and set
The vector space Ω 1 (B ν /Eν) Tν is one-dimensional over E ν . The results of Gross-Zagier and Kolyvagin, which continue to hold in the setting of abelian variety quotients of modular curves, also imply that
Tν is one-dimensional over E ν when L(ν, s) has a simple zero at s = 1. After fixing a p-adic embedding K ⊂ Q p , the formal group logarithm on B ν gives rise to a bilinear pairing
This pairing can be extended by E ν -linearity to an E ν ⊗ Q p -valued pairing between Ω 1 (B ν /E ν ) and B ν (K) ⊗ E ν . When ω and P belong to these E ν -vector spaces, we will continue to write log ω (P ) for ω, P .
Theorem 2. Let ν be an algebraic Hecke character of infinity type (1, 0) satisfying (6), (7), (8) and (9) above. Then there exists P ν ∈ B ν (K) such that
where Ω p (ν * ) ∈ C p is the p-adic period attached to ν in Definition 1.14, and ω ν is a non-zero element of
The point P ν is non-zero if and only if L (ν, 1) = 0.
Remark 3. Assumptions (8) and (9) do not reflect a serious limitation of our method of proof, but rather the fact that the main theorem of [BDP1] on which it relies is only proved for imaginary quadratic fields of odd discriminant and with some restrictions on the conductor of ν. These assumptions could certainly be relaxed with some more work.
Remark 4. Equivalently, Theorem 2 could be stated by requiring that P ν and ω ν belong to (B ν (K)⊗E ν )
Tν
and Ω 1 (B ν /K) respectively.
Remark 5. The methods used in the proof of Theorem 2 also give information about the special values L p (ν * ) for Hecke characters ν of type (1 + j, −j) satisfying (6) with j ≥ 0. A discussion of this point will be taken up in future work.
Remark 6. The fact that our proof of Theorem 2 avoids the use of elliptic units raises the prospect of extending it to Hecke characters of more general CM fields.
Conventions regarding number fields and embeddings: Throughout this article, all number fields that arise are viewed as embedded in a fixed algebraic closureQ of Q. A complex embeddingQ−→C and p-adic embeddingsQ−→C p for each rational prime p are also fixed from the outset, so that any finite extension of Q is simultaneously realised as a subfield of C and of C p .
1. Hecke characters and periods 1.1. Algebraic Hecke characters. Let K and E be number fields. Given a Z-linear combination
for all α ∈ K × . Let I f denote the group of fractional ideals of K which are prime to a given integral ideal f of K, and let
Definition 1.1. An E-valued algebraic Hecke character (or simply Hecke character) of K of infinity type φ on I f is a homomorphism
The largest integral ideal f satisfying (12) is called the conductor of χ, and is denoted f χ .
The most basic examples of algebraic Hecke characters are the norm characters on Q and on K respectively, which are given by N(a) = |a|,
Note that the infinity type φ of a Hecke character χ must be trivial on all totally positive units congruent to 1 mod f. Hence the existence of such a χ implies there is an integer w(χ) (called the weight of χ or of φ) such that for any choice of embedding of Q into C,
To wit, given x ∈ A × K , we define χ(x) by choosing α ∈ K × such that αx belongs to U f , and setting
where the symbol i(x) denotes the fractional ideal of K associated to x. This definition is independent of the choice of α by (12). In the opposite direction, given an idèle character χ of conductor f as in (13), we can set χ(a) = χ(x), for any x ∈ U f such that i(x) = a. The subfield of E generated by the values of χ on I f is easily seen to be independent of the choice of f and will be denoted E χ .
The central character of a Hecke character of K is defined as follows:
Definition 1.2. The central character of a Hecke character η of K is the finite order character of Q given by
The infinity type φ defines a homomorphism Res K,Q (G m ) → Res E/Q G m of algebraic groups and therefore induces a homomorphism
on adelic points. Given a Hecke character χ with values in E and a place λ of E (either finite or infinite), we may use φ A to define an idèle class character
If λ is an infinite place, the character χ λ is a Grossencharacter of K of type A 0 . If λ is a finite place, then χ λ factors through G ab K and gives a Galois character valued in
for any prime ideal p of K not dividing fλ. Definition 1.3. Let E = i E i be a product of number fields. An E-valued algebraic Hecke character is a character χ : I f → E × whose projection to each component E i is an algebraic Hecke character in the sense defined above.
The L-functions attached to any algebraic Hecke character χ are defined by
Note that L(χ, s) = L fχ (χ, s) when χ is a primitive Hecke character.
Remark 1.4. The definition of L(χ, s) as a C-valued function relies on the fact that E χ is given as a subfield of C.
1.2.
Abelian varieties associated to characters of type (1, 0). In this section, we limit the discussion to the case where K is an imaginary quadratic field. Let τ : K → C be the given complex embedding of K. A Hecke character of infinity type φ = n τ τ + nττ will also be said to be of infinity type (n τ , nτ ). Let ν be a Hecke character of K of infinity type (1, 0) and conductor f ν , let E ν ⊃ K denote the subfield ofQ generated by its values, and let T ν be the ring of integers of E ν . The Hecke character ν gives rise to a compatible system of one-dimensional -adic representations of
for all a ∈ I fν , where σ a ∈ Gal(K/K) denotes frobenius conjugacy class attached to a. The theory of complex multiplication realises the representations ρ ν, on the division points of so-called CM abelian varieties, which are defined as follows. Definition 1.5. A CM abelian variety over K is a pair (B, E) where (1) B is an abelian variety over K;
(2) E is a product of CM fields equipped the structure of a K-algebra and an inclusion
3) for all λ ∈ K ⊂ E, the endomorphism i(λ) acts on the cotangent space Ω 1 (B/K) as multiplication by λ.
The abelian varieties (B, E) over K with complex multiplication by a fixed E form a category denoted CM K,E in which a morphism from B 1 to B 2 is a morphism j : B 1 −→B 2 of abelian varieties over K for which the diagrams
commute, for all e ∈ E which belong to both End K (B 1 ) and End K (B 2 ). An isogeny in CM K,E is simply a morphism in this category arising from an isogeny on the underlying abelian varieties.
If (B, E) is a CM abelian variety, its endomorphism ring over K contains a finite index subring T 0 of the integral closure T of Z in E. After replacing B by the K-isogenous abelian variety hom T0 (T, B), we can assume that End K (B) contains T . This assumption, which is occasionally convenient, will consistently be made from now on.
Let (B, E) be a CM-abelian variety with E a field, and let E ⊃ E be a finite extension of E with ring of integers T . The abelian variety B ⊗ T T is defined to be the variety whose L-rational points, for any L ⊃ K, are given by
This abelian variety is equipped with an action of T by K-rational endomorphisms, described by multiplication on the right, and therefore (B ⊗ T T , E ) is an object of CM K,E . Note that B ⊗ T T is isogenous to t := dim E (E ) copies of B, and that the action of T on B ⊗ T T agrees with the "diagonal" action of T on B t . Let be a rational prime. For each CM abelian variety (B, E), let
be the -adic Tate module and -adic representation of G K attached to B. The Q -vector space V (B) is a free E ⊗ Q -module of rank one via the action of E by endomorphisms. The natural action of G K := Gal(K/K) on V (B) commutes with this E ⊗ Q -action, and the collection {V (B)} thus gives rise to a compatible system of one-dimensional -adic representations of G K with values in (E ⊗ Q ) × , denoted ρ B, . We note in passing that for any extension E ⊃ E where T the integral closure of T in E ,
The following result is due to Casselman (cf. Theorem 6 of [Shi] ). Theorem 1.6. Let ν be a Hecke character of K of type (1, 0) as above, and let ρ ν, be the associated one-dimensional -adic representation with values in (E ν ⊗ Q ). Then
(2) The CM abelian variety B ν is unique up to isogeny over K. More generally, if (B, E) is any CM abelian variety with
Let ψ be a Hecke character of infinity type (1, 0), and let χ be a finite order Hecke character. In comparing the abelian varieties B ψ and B ψχ −1 attached to these two characters, it is useful to introduce a CM abelian variety B ψ,χ over K, which we now proceed to describe.
Let E ψ,χ be the subfield ofQ generated by E ψ and E χ , and let T ψ,χ ⊂ E ψ,χ be its ring of integers. We also write H χ for the abelian extension of K which is cut out by χ viewed as a Galois character of G K . Consider first the abelian variety over K with endomorphism by T ψ,χ :
The natural inclusion i ψ : T ψ −→T ψ,χ induces a morphism i : B ψ −→B 0 ψ,χ with finite kernel, which is compatible with the T ψ -actions on both sides and is given by i(P ) = P ⊗ 1. Lemma 1.7. Let F be any number field containing E ψ,χ . The restriction map i * induces an isomorphism
Proof. The fact that B 0 ψ,χ and B ψ are CM abelian varieties over F implies that source and target in (15) are both one-dimensional over F . To see that i * is injective, let ω be an element of ker(i
Then since ω is stable under the action of T ψ,χ by endomorphisms, it follows that
Hence ω = 0 and the lemma follows.
We can now denote by ω
It follows from Lemma 1.7 that ω 0 ψ,χ exists and is unique (once ω ψ has been chosen), and that ω
denote the twist of B 
In particular, for any L ⊃ K, we have:
The isomorphism of B 0 ψ,χ and B ψ,χ as CM abelian varieties over H χ gives natural identifications
where E ψ,χ denotes the subfield ofQ generated by H χ and E ψ,χ . Let ω 0 ψ,χ and ω ψ,χ be E ψ,χ vector space generators of
as an E ψ,χ -vector space, they necessarily differ by a non-zero scalar in E ψ,χ . To spell out the relation between ω 0 ψ,χ and ω ψ,χ more precisely, it will be useful to introduce the notion of a generalised Gauss sum attached to any finite order character χ of G K . Given such a character, let E ⊂Q denote the field generated by the values of χ, and let
This set is a one-dimensional E-vector space in a natural way. It is not closed under multiplication, but
Definition 1.8. An E-vector space generator of E{χ} is called a Gauss sum attached to the character χ, and is denoted g(χ).
By definition, the Gauss sum g(χ) belongs to E{χ} ∩ (EH χ ) × , but is only well-defined up to multiplication by E × . The following lemma pins down the relationship between the differentials ω 0 ψ,χ and ω ψ,χ . Lemma 1.9. For all Hecke characters ψ and χ as above,
× be the scalar satisfying
, where the second equality follows from equation (20) and the last from the fact that the differential ω
Comparing (21) and (22) gives λ σ = χ(σ)λ, and hence λ = g(χ)
(mod E × ψ,χ ). The lemma follows.
The following lemma relates the abelian varieties B ψ,χ and B ν , where ν = ψχ −1 .
Lemma 1.10. There is an isogeny defined over K:
which is compatible with the action of T ψ,χ by endomorphisms on both sides.
Proof. The pair (B 0 ψ,χ , E ψ,χ ) is a CM abelian variety having ψ (viewed as taking values in E ψ,χ ) as its associated Hecke character. The Hecke character attached to the Galois twist B ψ,χ is therefore ψχ −1 = ν. The second part of Theorem 1.6 implies that B ψ,χ and B ν ⊗ Tν T ψ,χ are isogenous over K as CM abelian varieties, and the lemma follows.
1.3. Complex periods and special values of L-functions. This section attaches certain periods to the quadratic imaginary field K and to Hecke characters of this field.
We begin by defining a complex period attached to K. This period depends on the following choices:
(1) An elliptic curve A with complex multiplication by O K , defined over a finite extension F of K.
(Note that F necessarily contains the Hilbert class field of K.)
The complex period attached to this data is defined by
Note that Ω(A) depends on the pair (ω, γ). A different choice of ω or γ has the effect of multiplying Ω(A) by a scalar in F × , and therefore Ω(A) can be viewed as a well-defined element of C × /F × . For any Hecke character ψ of K, recall that ψ * is the Hecke character defined as in the Introduction by ψ * (x) = ψ(x). Suppose that ψ is of infinity type (1, 0), and let E ψ ⊂Q ⊂ C denote the field generated by the values of ψ (or, equivalently, ψ * ). Choose (arbitrary) non-zero elements
where B ψ is the CM abelian variety attached to ψ by Theorem 1.6, and Ω 1 (B ψ /E ψ ) T ψ is defined in equation (10) of the Introduction. The period Ω(ψ * ) attached to ψ * is defined by setting
Note that the complex number Ω(ψ * ) does not depend, up to multiplication by E × ψ , on the choices of ω ψ and γ that were made to define it. Lemma 1.11. If ψ is a Hecke character of infinity type (1, 0), and χ is a finite order character, then
where the second equality follows from Lemma 1.9. The result now follows after substituting χ * −1 for χ.
One can also attach a period Ω(ψ * ) to an arbitrary Hecke character of K following the article [GS] . (See also Sections 1.1 and 1.2 of [BDP2] .) These more general periods are known to satisfy the following multiplicativity relations: see Section 1 of [Har] for instance. Proposition 1.12. Let ψ be a Hecke character of infinity type (k, j).
, where E ψ,ψ is the subfield ofQ generated by E ψ and E ψ .
The following theorem is due to Goldstein and Schappacher [GS] (and Blasius for general CM fields). Theorem 1.13. Suppose that ψ has infinity type (k, j) with k > j, and that m is a critical integer for
belongs to E ψ ,
.
1.4. p-adic periods. Fix a prime p that splits in K. We will need p-adic analogs of the periods Ω(A) and Ω(ν * ). One way to define these p-adic periods is to use the comparison isomorphism between p-adić etale cohomology over p-adic fields and de Rham cohomology, as hinted in Blasius's article [Bl] . It is also possible to supply a more direct definition, as will be done in this section.
The p-adic analogue Ω p (A) of Ω(A) is obtained by considering the base change A Cp of A to C p (via our fixed embedding of F into C p ). Assume that A has good reduction at the maximal ideal of O Cp , i.e., that A Cp extends to a smooth proper model
, where u is the standard coordinate onĜ m . The invariant Ω p (A) ∈ C × p thus defined depends on the choices of ω A and ι p , but only up to multiplication by a scalar in F × . Observe also that Ω(A) and Ω p (A) each depend linearly in the same way on the choice of the global differential ω A .
The p-adic period Ω p (A) can be used to define p-adic analogues of the complex periods Ω(ν) that appear in the statement of Theorem 1.13. Definition 1.14. The p-adic period attached to a Hecke character ν of type (1, 0), denoted Ω p (ν * ), is defined to be
More generally, for any character ν of infinity type (k, j), we define
It can be seen from this definition that the period Ω p (ν), like its complex counterpart Ω(ν), is welldefined up to multiplication by a scalar in E × ν . The following p-adic analogue of Lemma 1.11 is a direct consequence of this lemma combined with the definition of Ω p (ψ): Lemma 1.15. If ψ is a Hecke character of infinity type (1, 0), and χ is a finite order character, then
). Likewise, Proposition 1.12 implies: Proposition 1.16. Let ψ be a Hecke character of infinity type (k, j). Then
(2) For all ψ and ψ ,
2. p-adic L-functions and Rubin's formula 2.1. The Katz p-adic L-function. Throughout this chapter, we will fix a prime p that is split in K. Let c be an integral ideal of K which is prime to p, and let Σ(c) denote the set of all Hecke characters of K of conductor dividing c. Denote by p the prime above p corresponding to the chosen embedding 
crit (c) = {ν ∈ Σ(c) of type ( 1 , 2 ) with 1 ≥ 1, 2 ≤ 0} . The possible infinity types of Hecke characters in these two critical regions are sketched in Figure 1 . Note in particular that when c =c, the regions Σ Recall that p is the prime above p induced by our chosen embedding of K into C p . The following proposition on the existence of the p-adic L-function is due to Katz. The statement below is a restatement of [deS] (II, Thm. 4.14) with a minor correction.
Proposition 2.1. There exists a p-adic analytic function ν → L p (ν) (valued in C p ) onΣ crit (c) which is determined by the interpolation property:
crit (c) of infinity type ( 1 , 2 ). The right hand side of (28) belongs toQ, by Part 1 of Proposition 1.12 and Theorem 1.13 with m = 0. Equation (28) should be interpreted to mean that the left hand side also belongs toQ, viewed as a subfield of C p under the chosen embeddings, and agrees with the right hand side. Note that although both sides of (28) depend on the choice of the differential ω A that was made in the definition of the periods Ω(A) and Ω p (A), the quantity L p (ν), just like its complex counterpart L c (ν −1 , 0), does not depend on this choice. We are mainly interested in the behavior of L p (ν) at the so-called self-dual Hecke characters, which are defined as follows: Definition 2.2. A Hecke character ν ∈ Σ crit (c) is said to be self-dual or anticyclotomic if
Note that a self-dual character is necessarily of infinity type (1 + j, −j) for some j ∈ Z. There is also a restriction on the central character of such a ν. More precisely, it is clear that εν = ε ν , while ε ν * = ε ν . If ν is a self-dual character, it follows that for any
This implies that the central character of a self-dual character is either 1 or ε K , where ε K denotes the quadratic Dirichlet character corresponding to the extension K/Q. The reason for the terminology in Definition 2.2 is that the functional equation for the L-series
, and therefore s = 0 is the central critical point for this complex L-series. Also since the conductor of a self-dual character is clearly invariant under complex conjugation, we will assume henceforth that c =c. Denote by Σ sd (c) the set of self-dual Hecke characters, and write
sd (c) = Σ
crit (c) ∩ Σ sd (c). In particular, the possible infinity types of characters in Σ The following is merely a restatement of Proposition 2.1 for self-dual characters.
The following theorem is the p-adic counterpart of Theorem 1.13.
Theorem 2.4. Suppose that ν ∈ Σ
sd (c) is of infinity type (1 + j, −j),
where the penultimate equality follows from the interpolation property of the Katz p-adic L-function in Proposition 2.3. The result is now a direct consequence of Theorem 1.13 with m = 0.
Theorem 2.4 expresses L p (ν) as an E ν -multiple of a p-adic period Ω p (ν * ), when ν lies in the range Σ
sd (c) of classical interpolation for the Katz p-adic L-function. Our main interest is in obtaining analogous results for certain critical characters in Σ
( 1) sd (c). These characters are outside the range of interpolation, and so (29) does not directly say anything about these values. Our approach to studying them relies on a different kind of p-adic L-function, namely one attached to Rankin-Selberg L-series, which we define and study in the following section.
2.2. p-adic Rankin L-series. In this section, we consider p-adic L-functions obtained by interpolating special values of Rankin-Selberg L-series associated to modular forms and Hecke characters of a quadratic imaginary field K of odd discriminant. We briefly recall the definition of this p-adic L-function that is given in Sec. 5 of [BDP1] , referring the reader to loc.cit. for a more detailed description.
Let S k (Γ 0 (N ), ε) denote the space of cusp forms of weight k = r + 2 and character ε on Γ 0 (N ). Let f ∈ S k (Γ 0 (N ), ε) be a normalized newform and let E f denote the subfield of C generated by its Fourier coefficients. Assume from now on that (f, K) satisfies the Heegner hypothesis, and let N be a fixed cyclic O K -ideal of norm N . Definition 2.6. A Hecke character χ of K of infinity type ( 1 , 2 ) is said to be central critical for f if
The reason for the terminology of Definition 2.6 is that when χ satisfies these hypotheses, the complex Rankin L-series L(f, χ −1 , s) is self-dual and s = 0 is its central (critical) point. We now pick a rational integer c prime to pN and denote by Σ cc (c, N, ε) the set of central critical characters χ such that cc (c, N, ε) denote the subsets consisting of characters of infinity type (k + j, −j) with 1 − k ≤ j ≤ −1 and j ≥ 0 respectively. We shall also denote byΣ cc (c, N, ε) the completion of Σ cc (c, N, ε) relative to the p-adic compact open topology on Σ cc (c, N, ε) which is defined in Section 5.4 of [BDP1] . The infinity types of Hecke characters in Σ Figure 2 . We note that the set Σ
cc (c, N, ε) of classical central critical characters "of type 2" is dense inΣ cc (c, N, ε).
For all χ ∈ Σ
cc (c, N, ε) of infinity type (k+j, −j) with j ≥ 0, let E f,χ denote the subfield of C generated by E f and the values of χ, and let E f,χ,ε be the field generated by E f,χ and by the abelian extension of Q cut out by ε. The algebraic part of L(f, χ −1 , 0) is defined by the rule
where w(f, χ) −1 ∈ E f,χ,ε is the scalar (of complex norm 1) defined in equation (181) of [BDP1] and C(f, χ, c) is the explicit real constant defined in Theorem 5.6 of [BDP1] . For primitive χ, i.e. those such that c | f χ ,
where w K = #O × K is the number of roots of unity in K. (Indeed, because χ is assumed to be primitive and D necessarily divides the conductor of ε f , the set S(f ) in the statement of Theorem 5.6. of [BDP1] is empty in our setting.) Theorem 6.5 of [BDP1] shows that L alg (f, χ −1 , 0) belongs to Q. By analogy with the definition of the Katz p-adic L-function, it is natural to attempt to p-adically interpolate the special values L alg (f, χ −1 , 0)
as χ ranges over Σ
cc (c, N, ε).
for all χ of infinity type (k + j, −j) with j ≥ 0. This function extends (uniquely) to a p-adically continuous function onΣ cc (c, N, ε).
This statement is proved in Proposition 6.10 of [BDP1] . The function χ → L p (f, χ) onΣ cc (c, N, ε) will be referred to as the p-adic Rankin L-function attached to the cusp form f .
2.3.
A p-adic Gross-Zagier formula. In this section, we specialise to the case where the newform f is of weight k = 2, and assume that χ is a finite order Hecke character of K satisfying χN K belongs to Σ The p-adic Gross-Zagier formula alluded to in the title of this section relates the special value L p (f, χN K ) to the formal group logarithm of a Heegner point on the modular abelian variety attached to f .
Recall that E f and E χ are the subfields ofQ generated, respectively, by the Fourier coefficients of f and the values of χ. Let E f,χ denote the field generated by both E f and E χ , and let T f ⊂ E f and T f,χ ⊂ E F,χ denote their respective integer rings.
Let Γ := Γ ε (N ) ⊂ Γ 0 (N ) be the subgroup attached to f , defined by
The associated modular curve C has a model over Q obtained by realising C as the solution to a moduli problem, which we now describe. Given an abelian group G of exponent N , denote by G * the set of elements of G of order N . This set of "primitive elements" is equipped with a natural free action by (Z/N Z) × , which is transitive when G is cyclic.
Definition 2.8. A Γ ε (N )-level structure on an elliptic curve E is a pair (C N , t), where (1) C N is a cyclic subgroup scheme of E of order N , (2) t is an orbit in C * N for the action of ker ε. If E is an elliptic curve defined over a field L, then the Γ-level structure on E is defined over the field L if C N is a group scheme over L and t is fixed by the natural action of Gal(L/L).
The curve C coarsely classifies the set of isomorphism classes of triples (E, C N , t) where E is an elliptic curve and (C N , t) is a Γ-level structure on E. When Γ is torsion-free (which occurs, for example, when ε is odd and N is divisible by a prime of the form 4n + 3 and a prime of the form 3n + 2) the curve C is even a fine moduli space; for any field L, one then has
Since the datum of t determines the associated cyclic group C N , we sometimes drop the latter from the notation, and write (E, t) instead of (E, C N , t) when convenient. The group scheme A[N] of N-torsion points in A is a cyclic subgroup scheme of A of order N defined over F . A Γ-level structure on A of the form (A[N] , t) is said to be of Heegner type (associated to the ideal N).
The Eichler-Shimura construction associates to f an abelian variety B f with endomorphism by an order in T f , and a surjective morphism Φ f : J 1 (N )−→B f of abelian varieties over Q, called the modular parametrisation, which is well-defined up to a rational isogeny and factors through the natural projection J 1 (N )−→J ε (N ). Let
be the regular differential on J 1 (N ) attached to f , and let ω B f ∈ Ω 1 (B f /E f ) T f be the unique regular differential satisfying
Let A be an elliptic curve with endomorphisms by the order O c = Z + cO K of conductor c, defined over the ring class field H c of conductor c. The finite order Hecke character χ can be viewed as a character
where H c,N is the finite abelian extension of the ring class field H c generated by the N-torsion points of A. To the pair (f, χ) we associate the Heegner point by letting G = Gal(H c,N /K) and setting
The embedding ofQ into C p that was fixed from the outset allows us to consider the formal group logarithm
We extend this function to
Theorem 2.9. With notations and assumptions as above,
be the Euler factor appearing in the statement of Theorem 2.9. Let F denote the p-adic completion of H c,N . Theorem 6.13 of [BDP1] in the case k = 2 and r = j = 0, with χ replaced by χN K , gives
Note that in this context, the p-adic Abel-Jacobi map AJ F that appears in (37) is related to the formal group logarithm by
Theorem 2.9 follows from this formula and the fact that, by (34),
In the special case where f has rational Fourier coefficients and χ = 1 is the trivial character, the abelian variety B f is an elliptic curve quotient of J 0 (N ) and the Heegner point P f := P f (1) belongs to B f (K). Theorem 2.9 implies in this case that
where log : B f (K p )−→K p is the formal group logarithm attached to a rational differential on B f /Q. Equation (39) exhibits a strong analogy with Theorem 1 of the Introduction, although it applies to arbitrary (modular) elliptic curves and not just elliptic curves with complex multiplication. The remainder of Chapter 2 explains how Theorem 2.9 can in fact be used to prove Theorems 1 and 2 of the Introduction. The key to this proof is a relation between the Katz p-adic L-function of Section 2.1 and the p-adic Rankin L-function L p (f, χ) of Section 2.2 in the special case where f is a theta series attached to a Hecke character of the imaginary quadratic field K. This explicit relation is described in the following section.
2.4.
A factorisation of the p-adic Rankin L-series. This section focuses on the Rankin L-function L p (f, χ) of f and K in the special case where f is a theta series associated to a Hecke character of the same imaginary quadratic field K.
More precisely, let ψ be a fixed Hecke character of K of infinity type (k − 1, 0) with k = r + 2 ≥ 2. Consider the associated theta series:
where the first sum is taken over integral ideals of K. The Fourier coefficients of θ ψ generate a number field E θ ψ which is clearly contained in E ψ .
The following classical proposition is due to Hecke and Schoenberg. (Cf. [Ogg] or Sec. 3.2 of [Za] ).
Proposition 2.10. The theta series θ ψ belongs to S k (Γ 0 (N ), ε), where
Recall that an ideal of O K is said to be cyclic if the quotient of O K by this ideal is cyclic (as a group under addition).
Lemma 2.11. If the conductor f ψ of ψ is a cyclic ideal of norm M prime to D, then θ ψ satisfies the Heegner hypothesis relative to K.
Proof. In this case, the modular form θ ψ is of level N = DM , by Proposition 2.10. But then the ideal
is a cyclic ideal of K of norm N .
We will assume from now on that the condition in Lemma 2.11 is satisfied. Furthermore, we will always take N to be the ideal in (40).
The goal of this section is to factor the p-adic Rankin L-function L p (θ ψ , χ) as a product of two Katz p-adic L-functions. As a preparation to stating the main result we record the following lemma:
Lemma 2.12. Let χ be any character in Σ cc (c, N, ε).
(1) If χ belongs to Σ Proof. This lemma follows from a direct verification which is left to the reader. It should be noted that when χ is of type (k + j, −j) then ψ −1 χ is of infinity type (1 + j, −j) and ψ * −1 χ is of infinity type
(1 + (1 + r + j), −(1 + r + j)). In particular, if χ lies on the edge of Σ 
sd (c), i.e., is of infinity type (0, 1).
cc (c, N, ε), it suffices to prove the formula for the characters χ in this range, where it follows directly from the interpolation properties defining the respective p-adic L-functions. More precisely, by (32), (30) and (31),
Combining (42) and (43) with the interpolation property of the Katz p-adic L-function given in Proposition 2.3, we obtain
Clearing the powers of Ω p (A) on both sides gives the desired result.
The Nebentypus character ε can be viewed as a finite order Galois character of G Q . Recall that E ψ,χ,ε denotes the smallest extension of E ψ,χ containing the field through which this character factors.
Corollary 2.14. For all χ ∈ Σ cc (c, N, ε), with c = cN ,
Proof. This follows from Theorem 2.13 in light of the fact that the constant that appears on the right hand side of (41) belongs to E × ψ,χ,ε . 2.5. Proof of Rubin's Theorem. The goal of this section is to prove Theorem 2 of the Introduction. Let ν ∈ Σ sd (c) be a Hecke character of infinity type (1, 0) satisfying conditions (6) and (7) of the Introduction. Definition 2.15. A pair (ψ, χ) of Hecke characters is said to be good for ν if it satisfies the following conditions.
(1) The character ψ is of type (1, 0) and satisfies the Heegner hypothesis, so that the associated theta series θ ψ belongs to S 2 (Γ 0 (N ), ε) where (N ) = NN is the norm of a cyclic ideal N of O K and ε is an appropriate even Dirichlet character of modulus N . (2) The character χ is of finite order, and χN K belongs to Σ
The modular abelian variety B θ ψ attached to ψ is a CM abelian variety in the sense of Definition 1.5. Hence it is K-isogenous to the CM abelian variety B ψ constructed in Section 1.2. In particular, the modular parametrisation Φ ψ := Φ θ ψ can be viewed as a surjective morphism of abelian varieties over K
Given a good pair (ψ, χ), recall the Heegner divisor ∆ ∈ J 1 (N )(H c,N ) that was constructed in Section 2.3, and the Heegner point
that was defined in equation (36) of that section with f = θ ψ . Recall also that ω ψ is an E ψ -vector space generator of Ω 1 (B ψ /E ψ ) T ψ . Viewing the point P ψ (χ) as a formal linear combination of elements of B ψ (H χ ) with coefficients in E ψ,χ , we define the expression log ω ψ (P ψ (χ)) by E χ -linearity.
In the rest of this section, we will denote by E ψ,χ the subfield ofQ generated by E ψ , E χ , and the abelian extension H χ of K cut out by the finite order characters χ and χ * . The motivation for singling out good pairs for a special definition lies in the following proposition.
Proposition 2.16. For any pair (ψ, χ) which is good for ν,
where Ω p (ξ) is the p-adic period attached to a critical Hecke character ξ in Definition 1.14.
Proof. By Theorem 2.9 applied to f = θ ψ ,
. On the other hand, since E ψ,χ contains E ψ,χ,ε , Corollary 2.14 implies that
where the second equality follows from condition 3 in the definition of a good pair. The character ψχ * −1 lies in the range Σ (2) sd (c) of classical interpolation for the Katz L-function, and L p (ψ * −1 χN K ) = L p (νχ/χ * ) is non-zero by condition 4 in the definition of a good pair. Therefore, by Theorem 2.4,
. Proposition 2.16 follows by combining the equalities in (48) and (49) and using (50).
To go further, we will analyse the expressions occurring in the right hand side of (47) and relate them to quantities depending solely on ν and not on the good pair (ψ, χ).
Lemma 2.17. For all good pairs (ψ, χ) attached to ν,
Proof. Condition 3 in the definition of a good pair implies that ψ * χ −1 = ν * χ * /χ. The lemma therefore follows from Lemma 1.15, with ψ replaced by ν * and χ by the finite order character χ * /χ, which factors through Gal(H χ /K).
It will be useful to view the point P ψ (χ) appearing in (47) as an element of B 0 ψ,χ (H c,N ) or as a K-rational point on the abelian variety B ψ,χ that was introduced in Section 1.2. More precisely, after setting
we observe that, for all τ ∈ Gal(K/K),
The point P ψ (χ) therefore belongs to B ψ,χ (K) by (19) . Recall the differentials ω ψ and ω ψ,χ ∈ Ω 1 (B ψ,χ /E ψ,χ ) T ψ,χ .
Lemma 2.18. For all good pairs (ψ, χ) attached to ν = ψχ −1 ,
Proof. Let G = Gal(H c,N /K) and let P = Φ ψ (∆). By definition,
This completes the proof.
Lemma 2.19. There exists P ν ∈ B ν (K) and ω ν ∈ Ω 1 (B ν /E ν ) Tν such that
Proof. Recall from Lemma 1.10 that there is a K-rational isogeny
Composing it with the natural morphism B ν −→B ν ⊗ Tν T ψ,χ , we obtain a T ν -equivariant morphism j : B ν −→B ψ,χ defined over K with finite kernel. The fact that L(ν, s) has a simple zero at s = 1 implies that B ν (K) ⊗ Q is one-dimensional over E ν , and therefore that B ψ,χ (K) ⊗ Q is one-dimensional over E ψ,χ . In particular, if P ν is any generator of B ν (K) ⊗ Q, we may write
for some non-zero scalar λ ∈ E × ψ,χ . But letting
we have
The lemma now follows after multiplying ω ν by an appropriate scalar in (E ψ,χ ) × so that it belongs to
Proposition 2.20. There exists
for all good pairs (ψ, χ) attached to ν.
Proof. This follows after invoking Lemmas 2.17, 2.18 and 2.19 to rewrite the expression appearing in the right hand side of Proposition 2.16.
While Proposition 2.20 brings us close to Theorem 2 of the Introduction, it is somewhat more vague in that both sides of the purported equality may differ a priori by a non-zero element of the typically larger field E ψ,χ . The alert reader will also notice that this proposition is potentially vacuous for now, because the existence of a good pair for ν has not yet been established! The next proposition repairs this omission, and directly implies Theorem 2 of the Introduction.
Proposition 2.21. The set S ν of pairs (ψ, χ) that are good for ν is non-empty. Furthermore,
The proof of Proposition 2.21 rests crucially on a non-vanishing result of Rohrlich and Greenberg ([Ro] , [Gre] ) for the central critical values of Hecke L-series. In order to state it, we fix a rational prime which is split in K and let
be the so-called anti-cyclotomic Z extension of K; it is the unique Z -extensions of K which is Galois over Q and for which Gal(K
Lemma 2.22 (Greenberg, Rohrlich) . Let ψ 0 be a self-dual Hecke character of K of infinity type (1, 0). Assume that the sign w ψ0 in the functional equation of L(ψ 0 , s) is equal to 1. Then there are infinitely many finite-order characters χ of Gal(K − ∞ /K) for which L(ψ 0 χ, 1) = 0. Proof. In light of the hypothesis that w ψ0 = 1, Theorem 1 of [Gre] implies that the Katz p-adic Lfunction (with p = ) does not vanish identically on any open -adic neighbourhood of ψ 0 in Σ sd (c), with c = cond(ψ 0 ), say. (Cf. the discussion in the first paragraph of the proof of Proposition 1 on p. 93 of [Gre] .) If U is any sufficiently small such neighbourhood, then
(1) The restriction to U of the Katz p-adic L-function is described by a power series with p-adically bounded cofficients, and therefore admits only finitely many zeros by the Weierstrass preparation theorem. (2) The region U contains contains a dense subset of points of the form ψ 0 χ, where χ is a finite order character of Gal(K − ∞ /K).
Lemma 2.22 follows directly from these two facts.
Proof of Proposition 2.21. LetS ν ⊃ S ν be the set of pairs satisfying conditions 1-3 in the definition of a good pair, but without necessarily requiring the more subtle fourth condition. The proof of Proposition 2.21 will be broken down into four steps.
Step 1. The setS ν is non-empty. To see this, let ψ be any Hecke character (of conductor m prime to the conductor of ν and ν * , say) satisfying condition 1 in Definition 2.15. Setting χ = ψν * N −1 K , the pair (ψ, χ) satisfies conditions 1 and 3 by construction. Furthermore, the character χN K = ψν * is of type (1, 1) and its central character is equal to
where ε is the nebentype character attached to θ ψ . It follows that the character χN K belongs to
(The integer c is related to the conductor of ν.) Therefore, the pair (ψ, χ) belongs toS ν .
Step 2. Given (ψ, χ) ∈S ν , there exist (ψ 1 , χ 1 ) and (ψ 2 , χ 2 ) ∈ S ν with E ψ1,χ1 ∩ E ψ2,χ2 ⊂ E ψ,χ .
To see this, let = λλ be a rational prime which splits in K and is relatively prime to the class number of K and the conductors of ψ and χ. For such a prime, let
be the unique Z -extensions of K which are unramified outside of λ andλ respectively, with [K n : K] = n and likewise for K n . The condition that does not divide the class number of K implies that the fields K n and K n are totally ramified at λ andλ respectively. If α is any character of Gal(K ∞ /K), the pair (ψ 1 , χ 1 ) := (ψα, χα) still belongs toS ν . (For instance, ψα satisfies the first condition in Definition 2.15, with N replaced by Nλ n and N by N n , for a suitable n ≥ 0.) Furthermore,
The character α * /α is an anticyclotomic character of K of -power order and conductor, and all such characters can be obtained by choosing α appropriately. The fact that (ψ, χ) is a good pair implies that the sign w ψ * χ −1 is equal to 1. Hence, by Lemma 2.22, there exists a choice of α for which the L-value appearing on the right of (54) is non-vanishing. The corresponding pair (ψ 1 , χ 1 ) belongs to S ν and satisfies E ψ1,χ1 ⊂ E ψ,χ Q(ζ n )K n K n for some n. Repeating the same construction with a different rational prime in the place of yields a second pair (ψ 2 , χ 2 ) ∈ S ν . Since the extension E ψ1,χ1 /E ψ,χ is totally ramified at the primes above , while E ψ2,χ2 is unramified at these primes, it follows that E ψ1,χ1 ∩ E ψ2,χ2 is contained in E ψ,χ , as was to be shown.
Thanks to
Step 2, we are reduced to showing that (55)
The next step shows that the fields E ψ,χ can be replaced by E ψ,χ in this equality.
Step 3. For all (ψ, χ) ∈S ν , there exists a finite order character α of G K such that the pair (ψα, χα) belongs toS ν and E ψ,χ ∩ E ψα,χα ⊂ E ψ,χ . To see this, note that the finite order character χ has cyclic image, isomorphic to Z/nZ say.
Step 3 is completed by choosing a character α of order n in such a way that (ψα, χα) belongs toS ν and
For instance, one could choose α to be totally ramified at a prime λ of norm a rational prime which is relatively prime the conductors of ψ and χ.
Step 4. We are now reduced to showing (56)
2.6. Elliptic curves with complex multiplication. Theorem 2 of the Introduction admits an alternate formulation involving algebraic points on elliptic curves with complex multiplication rather than K-rational points on the CM abelian varieties B ν of Theorem 1.6. The goal of this section is to describe this variant.
We begin by reviewing the explicit construction of B ν in terms of CM elliptic curves. The reader is referred to §4 of [GS] , whose treatment we largely follow, for a more detailed exposition.
Let F be any abelian extension of K for which
becomes K-valued, and let f be its conductor. The ideal f is divisible by f ν , and there exists an elliptic curve A/F with complex multiplication by O K whose associated Grossencharacter is ν F . (Cf. Thm. 6 of [Shi] and its corollary on p. 512.) Let
It is an abelian variety over
, where the natural identification between these two sets arises from the distinguished embedding of F intoQ that was fixed from the outset. By definition of the restriction of scalars functor, there are natural isomorphisms
of algebraic groups over F and abelian groups respectively. In particular, a point of B(K) is described by a d-tuple (P τ ) τ ∈G , with P τ ∈ A τ (K). Relative to this identification, the Galois group G K acts on B(K) on the left by the rule
Consider the "twisted group ring"
with multiplication given by (64) (a σ σ)(a τ τ ) = a σ a σ τ στ, where the isogeny a σ τ belongs to hom F (A σ , A στ ) and the composition of isogenies in (64) is to be taken from left to right. The right action of T on B(K) defined by (65) (P τ ) τ * (a σ σ) := (a τ σ (P τ )) τ σ commutes with the Galois action described in (62), and corresponds to a natural inclusion T → End K (B). The K-algebra E := T ⊗ Z Q is isomorphic to a finite product
of CM fields, and dim K (E) = dim(B). Therefore, the pair (B, E) is a CM abelian variety in the sense of Definition 1.5. The compatible system of -adic Galois representations attached to (B, E) corresponds to an E-valued algebraic Hecke characterν in the sense of Definition 1.3, satisfying the relation (66) σ a (P ) = P * ν(a), for all a ∈ I f and P ∈ B(K) ∞ , where σ a ∈ G ab K denotes as before the Artin symbol attached to a ∈ I f . The elementν(a) ∈ T is of the form ϕ a σ a , where
is an isogeny of degree Na satisfying (68) ϕ a (P ) = P σa ,
for any P ∈ A[g] with (g, a) = 1. Note that the isogenies ϕ a satisfy the following cocycle condition:
The following proposition relates the Hecke charactersν and ν.
Proposition 2.23. Given any homomorphism j ∈ Hom K (E, C), let ν j := j •ν be the corresponding C-valued Hecke character of K of infinity type (1, 0). The assignment j → ν j gives a bijection from Hom K (E, C) to the set Σ ν,F of Hecke characters ν of K (of infinity type (1, 0)) satisfying
Proposition 2.23 implies that there is a unique homomorphism j ν ∈ Hom K (E, C) satisfying j ν •ν = ν. In particular, j ν maps E to E ν and T to a finite index subring of T ν . The abelian variety B ν attached to ν in Theorem 1.6 can now be defined as the quotient B ⊗ T,jν T ν . In subsequent constructions, it turns out to be more useful to realise B ν as a subvariety of B, which can be done by setting
The natural action of T on B ν factors through the quotient T / ker(j ν ), an integral domain having E ν as field of fractions. Consider the inclusion
where the last identification arises from the functorial property of the restriction of scalars. The following Proposition gives an explicit description of the image of (B ν (K) ⊗ E ν ) Tν in A(F ) ⊗ OK E ν under the inclusion i ν obtained from (71).
Proposition 2.24. LetẼ be any field containing E ν . The inclusion i ν of (71) (A(F ) ⊗ OKẼ ) ν := P ∈ A(F ) ⊗ OKẼ such that ϕ a (P ) = ν(a) × P σa , for all a ∈ I f .
Proof. It follows from the definitions that i ν (B ν (K)) is identified with the set of (P τ ) with P τ ∈ A τ (K) satisfying (72) ξP τ = P ξτ , for all ξ ∈ G K .
Furthermore, if such a (P τ ) belongs to (B ν (K) ⊗ E ν ) Tν , then after settingν(a) = ϕ a σ a as in (67), we also have (73) (ϕ τ a (P τ )) τ σa = (P τ ) τ * ν(a) = (ν(a)P τ ) τ . Equating the σ a -components of these two vectors gives ϕ a (P 1 ) = ν(a)P σa = ν(a)σ a P 1 , where 1 is the identity embedding of F and the last equality follows from (72). The Proposition follows directly from this, after noting that the identification of B(K) with A(F ) is simply the one sending (P τ ) τ to P 1 .
Given a global field F as in (60), let F ν denote the subfield ofQ generated by F and E ν . Recall that ω A ∈ Ω 1 (A/F ) is a non-zero regular differential and that Ω p (A) is the associated p-adic period.
Theorem 2.25. There exists a point P A,ν ∈ (A(F ) ⊗ OK E ν ) ν such that (mod F × ν ). Furthermore, by 2.24, we can view P ν as a point P A,ν ∈ (A(F ) ⊗ OK E ν ) ν , and we have (76) log ων (P ν ) = log ωA (P A,ν ) (mod F × ν ). Theorem 2.28 now follows by rewriting (74) using (75) and (76). 2.7. A special case. This section is devoted to a more detailed and precise treatment of Theorem 2.25 under the following special assumptions:
(1) The quadratic imaginary field K has class number one, odd discriminant, and unit group of order two. This implies that K = Q( √ −D) where D := − Disc(K) belongs to the finite set S := {7, 11, 19, 43, 67, 163}.
(2) Let ψ 0 be the Hecke character of K of infinity type (1, 0) given by the formula (77) ψ 0 ((a)) = ε K (a mod √ −D)a.
The character ψ 0 determines (uniquely, up to an isogeny) an elliptic curve A/Q satisfying
After fixing A, we will also write ψ A instead of ψ 0 . It can be checked that the conductor of ψ A is equal to √ −D, and that
Remark 2.26. The rather stringent assumptions on K that we have imposed exclude the arithmetically interesting, but somewhat idiosyncratic, cases where K = Q( √ −3), Q(i), and Q( √ −2).
With the above assumptions, the character ψ A can be used to give an explicit description of the set Σ sd (c √ −D):
Lemma 2.27. Let c be an integer prime to D, and let ν be a Hecke character in Σ sd (c √ −D). Then ν is of the form
where χ is a finite order ring class character of K of conductor dividing c.
Proof. The fact that ν and ψ A both have central character ε K implies that χ is a ring class character. Its conductor divides c √ −D, since the same is true for ν and ψ A . But it is also clear that χ is unramified at √ −D, since the local components of ν and ψ A at this prime of K are equal. The result follows.
Given a ring class character χ of conductor c as above with values in a field E χ , let (78) (A(H c ) ⊗ OK E χ ) χ := {P ∈ A(H c ) ⊗ OK E χ such that σP = χ(σ)P, ∀σ ∈ Gal(H c /K)}.
Finally, choose a regular differential ω A ∈ Ω 1 (A/K), and write Ω p (A) for the p-adic period attached to this choice as in Section 2.1. Since A = B ψ is the abelian variety attached to ψ, it follows that Ω p (ψ * A ) = Ω p (A). The following theorem is a more precise variant of Theorem 2.25. 
ων (P ν ), for some point P ν ∈ B ν (K) ⊗ Q which is non-trivial if and only if L (ψ A χ −1 , 1) = 0. Using the fact that χ * −1 = χ and invoking Lemma 1.15, we find
−1
(mod E × χ ). After noting that (as in equation (17)) B ν = B ψ,χ = (A ⊗ OK T χ ) χ −1 as abelian varieties over K, we observe that ω ν = ω ψ,χ and that the point P ν ∈ B ν (K) can be written as
for some P ∈ A(H c ) ⊗ Q. Letting P A,χ be the corresponding element in A(H c ) ⊗ OK E χ given by
we have (81) log 2 ων (P ν ) = log 2 ω ψ,χ (P ν ) = g(χ) 2 log 2 ω 0 ψ,χ (P ν ) = g(χ) 2 log 2 ωA (P A,χ ) (mod E × χ ), where the second equality follows from Lemma 1.9 and the last from Lemma 2.18. Theorem 2.28 now follows by rewriting (79) using (80) and (81).
In the special case where χ is a quadratic ring class character of K, cutting out an extension L = K( √ a)
where P − A,L is a K-vector space generator of the trace 0 elements in A(L) ⊗ Q. Since in this case ψ A χ is the Hecke character attached to a CM elliptic curve over Q, one recovers from (82) Rubin's Theorem 1 of the Introduction.
